Inverse of a function

Definition 1 (3.4.1). Let f : X — Y be a bijection. An inverse of fisamapg:Y — X
such that if f(x) =y, then g(y) = x.

Why bijectivity is necessary for the existence of an inverse function?
Explanation:

e If f is not injective, then two different elements of X may map to the same y €
Y. In that case, g(y) would be ambiguous, since it would be unclear which x to
choose. Hence, injectivity is necessary to ensure that the inverse, if it exists, is
well-defined.

e If f is not surjective, then there exists some y € Y for which no x € X satisfies
f(x) = y. For such a y, g(y) cannot be defined at all. Hence, surjectivity is

necessary to ensure that g is defined for every element of Y.

Therefore, a function f can have an inverse if and only if it is a bijection.

Uniqueness of Inverse Function.
Suppose f : X — Y is a bijection. Can f have more than one inverse? The answer is
no.

If g, and g, are inverses of f, then they both have domain Y and codomain X.
Further, for y € Y, there exists x € X such that f(x) = y.

Then, by the definition of an inverse function, we have

g1(y) = x = g().

Therefore, g; = g».

Hence, we conclude that if f is a bijection, then f has a unique inverse.

The inverse of a bijection f : X — Y is denoted by f~!, which is a function from Y
to X.

Exercises
Show that the following functions are bijections and find their inverses.

@ f:R->R; f(x)=5x-17.



1-x
1+x
(¢) f:10,1] = [a,b] (a < b); f(x)=a(l —x)+ bx.

2

() f:10,11 = [0,1]; f(x) =

X

(d) f:[0,00) = [0, 1), f(x) = T2
X

(e) f:[0,00) = [0,1); f(x) = Py

) f:R>—>R?% f(x,y) = (ax + by, cx +dy), where ad — bc # 0.

(@ f:N-N;

m-—1, ifmiseven,

m+ 1, ifmisodd.

Solutions
@ f:R->R; f(x)=5x-17.
Solution. Injective: Suppose f(x;) = f(xz). Then5x;—7 = 5x,—7. So 5x; = 5x;
and x; = x,. Thus f is injective.

Surjective: Given y € R, solve y = 5x — 7. Then x = (y + 7)/5 € R. Hence every

y has a preimage; f is surjective.
Therefore f is a bijection. The inverse is

y+7

—1 _J rr
o= 5

1_
) £:10,1] > [0,1]; f(x) = H;‘.

1- 1-
" 2 = s Z Cross-multiply: (1—-x1)(1+x;) =
(1 = x)(1 + xy). Simplifying gives x; = x,. So f is injective.

Solution. Injective: Suppose




1 -
Surjective: Given y € [0, 1], solve y = rx Rearranging: y(1 +x) =1 —x =
X

1 -
xX1+y)=1-y = x = 1_+y This x lies in [0, 1] because for y € [0, 1],
y

denominator 1 +y >0and0 < 1-y < 1,500 < x < 1. . Therefore f is surjective.

Hence f is bijective and the inverse is

‘ '\<

o) = o

'\<

() f:10,1] = [a,b] (a < b); f(x)=a(l —x)+ bx.
Solution. Injective. Suppose f(x;) = f(x,). Then
a(l — x1) + bx; = a(l — x») + bx;.
Expand and collect terms:
a—-axi+bxy=a—ax,+bx, = (b-a)x; =(b-a)x,.

Since b — a # 0, we cancel it to obtain x; = x,. Hence f is injective.
Surjective. Let y € [a, b]. Solve y = a(l — x) + bx for x:

y—a
b-—a

y=a+b-ax = x=
Becausea<y<b — 0<y-a<b—a,wehave( < y—d < 1, so the solution
-a
x € [0, 1]. Thus every y € [a, b] has a preimage in [0, 1], so f is surjective.

Therefore f is a bijection and

y—a

o= —>  YElabl
—d

(d) f:10,00) = [0. 1), f(x) = 7

Solution. Injective. Suppose f(x;) = f(x,). Then

2 2
X X5

2 = 2"
1+)cl 1+ x5
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Cross-multiply:

x(1+x3) = 51 +x7)

which expands to

2 2.2 _ 2 2.2

Cancel the common term x7x3 to get x2 = x3. Because the domain is [0, o), we

have x;, x, > 0, hence x; = x,. Thus f is injective.

Surjective. Let y € [0, 1). Solve

X
YT IR
Rearrange:
Yl+x)=x = y+yx*=x = x(1-y=y.

Since y € [0, 1), we have 1 —y > 0 and

2 y y
=7 - [
X =y == X =y

This x is nonnegative, so x € [0, 00). For y = 0 this gives x = 0. Hence every

y € [0, 1) has a preimage in [0, c0), proving surjectivity.

Therefore f is a bijection and its inverse is

o) = fL3 yelo, ).
—y

X
(€) f:[0,00) = [0,1); f(x) = ——
x+1
Solution. Injective. Suppose f(x;) = f(x;). Then
X1 _ X2
X + 1 B Xy + 1’

Cross-multiply:
X]()Cz + 1) = Xz(.xl + 1) e X1X2 + X1 = X1X2 + X»o.
Cancel x;x, to obtain x; = x,. Thus f is injective.
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Surjective. Let y € [0, 1). Solve

Rearrange:
yx+1)=x = yx+y=x = x(1-y) =y

Since 1 —y > 0, we get
y

xX=—"
I-y
This x is nonnegative for y € [0, 1), so x € [0, 00). Thus every y € [0, 1) has a

preimage and f is surjective.

Therefore f is a bijection and its inverse is

fﬂw=fL, yeo, 1.
—y

) f(x,y) = (ax + by, cx+dy), f:R?> - R? withad — bc # 0.

Solution. Injective. Suppose

FxLy) = f(x2, y2),

i.e.

(axy + by, cxi +dy,) = (axy + by,, cxp +dy»).

Subtract coordinate-wise to obtain
axy + by, —ax, — by, =0, cxy +dy; —cx, —dy, =0,
Simplifying

a(x; —x2) + b(yy —y2) =0, c(xy —x2) +d(y1 — y2) = 0.

)G

In matrix form,



a

b
Since det( ) = ad — bc # 0, the only solution of this homogeneous system is

c
(x1 = x2,y1 — y2) = (0,0). Hence x; = x, and y; = y,, so f is injective.

Surjective. Let (1, v) € R? be arbitrary. We must find (x, y) € R? with

ax+by=u, cx+dy=v.

. . a b . .
Because the coefficient matrix A = [ ] has nonzero determinant, the linear

c
system has a unique solution given by Cramer’s rule:

u b

Y d _ud—bv B _av—uc
" ad-bc  ad-bc’ y_ad—bc_ad—bc'

These x, y are real, so every (u, v) has a preimage. Thus f is surjective.

a u

c v

X

Since f is both injective and surjective, it is a bijection. Its inverse is :

ud—bv av—uc
ad — bc’ ad — bc”

o uv) = (

(g) f: N — N defined by f(m) =m—1if mis even, and f(m) = m + 1 if m is odd.

Solution. Injective

Let f(m;) = f(my). We must show that m; = m,.

If m; is odd, then f(m;) = m; + 1, which is even. Hence f(m,) is even, so m, must
also be odd and f(m;) = m, + 1. Therefore,

m+l=m+1 = m =ms.

If m; is even, then f(m;) = m; — 1, which is odd. Hence f(m,) is odd, so m, must
also be even and f(m,) = m, — 1. Thus,

m-1l=m-1 = m; = ms.

Therefore, f is injective.



Surjective

Let n € N. We must find m € N such that f(m) = n.

If n is odd, choose m = n + 1 (which is even). Then,

fm)y=m-1=n.

If n is even, choose m = n — 1 (which is odd). Then,

fm)y=m+1=n.

Hence, for every n € N, there exists m € N such that f(m) = n. Therefore, f is

surjective.

Since f is both one-one and onto, it is a bijection. Hence, the inverse of f is

fr=r
Remark 2. The inverse of f~' 1Y — Xis f: X = Y, thatis, (f")™! = f.

Proposition 3. If f : X — Y is a bijection, then
flof=1dy and fof'=Idy.

Proof. Since f is a bijection, it has a unique inverse f~! : ¥ — X.

1. For any x € X, lety = f(x) € Y. By definition of inverse,

o) =1 = x.
Thus, for all x € X,
(f "o Hx) = x,
which shows f~! o f = Idy.

2. For any y € Y, there exists x € X such that f(x) = y (because f is surjective).
Then

(fofH) =fU0)=fx)=y.
Hence f o f~! = Idy.

This completes the proof. ]



Proposition 4. Suppose f : X — Y and g : Y — X are functions such that
gof=1dy and fog=Idy.
Then f is a bijection and g = 7.

Proof. Injectivity of f: Suppose f(x;) = f(x,) for some x;,x, € X. Applying g on
both sides gives

g(f(x1) = g(f(x2)) = Idx(x1) = Idx(x2) = x1 = x.
Hence, f is injective.
Surjectivity of f: Lety € Y. Then
y =Idy(y) = (f 0 ©)(v) = f(g(V)),

so there exists x = g(y) € X such that f(x) = y. Thus f is surjective.
Since f is both injective and surjective, it is a bijection.

Inverse: By definition of inverse, f~! is the unique function such that
flof=Idy and fof'=1dy.

But g satisfies both g o f = Idy and f o g = Idy. Hence

g=rf"

Theorem S. If f : X — Y and g : Y — Z are bijections, then g o f is a bijection and
(gof)y'=f"og™

Proof. Since f and g are bijections, they have inverses f~! : ¥ — Xandg™' : Z = Y.

Step 1: Injectivity of g o f. Suppose (g o f)(x;) = (g o f)(x,) for some x1, x, € X.
Then
g(f(x1) = g(f(x2)).

Since g is injective, it follows that
f(x) = f(x2).
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Since f is injective, we conclude

X1 = Xp.
Hence, g o f is injective.

Step 2: Surjectivity of g o f. Let z € Z. Since g is surjective, there exists y € Y
such that g(y) = z. Since f is surjective, there exists x € X such that f(x) = y. Then

(8o NH) = g(f() = gOy) = z.

Hence, g o f is surjective.

Step 3: Inverse of g o f. Consider
(flogDo(gof)=f"o(gogrof=f"oldyof=f"0of=1d
and
(gof)o(flogh=go(fofog =goldyog ' =gog =1d.
Thus, by definition of inverse,
(gof) ' =fog™.
]

Exercise 0.1. Let f : X — Y and g : Y — Z be functions such that g o f is surjective
and g is injective. Is f surjective?

Solution. Since g o f is surjective, so g is surjective. It is also given that g is injective,
hence g is bijective and g~! exists. We have, f = g! o (g o f). Given that (g o f is
surjective. Since g~ and g o f both are surjective, so g~! o (g o f) is surjective, that is,

f is surjective.



